GLOBAL REGULARITY OF SOLUTIONS TO QUASILLNEAR 
CONORMAL DERIVATIVE PROBLEM WITH CONTROLLED 

GROWTH 



DOYOON KIM 



Abstract. We prove the global regularity of weak solutions to the conormal 
derivative boundary value problem for quasilinear elliptic equations in diver- 
gence form on Lipschitz domains under the controlled growth conditions on 
the low order terms. The leading coefficients are in the class of BMO functions 
with small mean oscillations. 



1. Introduction 
We consider the conormal derivative boundary value problem 

— Di (Aij (x, u)Dju + a,i(x, u)) = b(x, u, Vit) in ft, 
1 (Aij(x,u)DjU + a,i(x,u)) • v(x) = on dfl. 



(1) 



Here the equation is a quasilinear elliptic equation in divergence form, D, is a 
bounded Lipschitz domain in M. d , d > 2, with a small Lipschitz constant, and 
u{x) is the outward normal vector to the surface dVt. We call u £ W^Cl) a weak 
solution to ((T|) if 

(Aij(x,u)DjU + ai(x,u))Di<fidx = / b(x,u,Wu)(f>dx 
q Jn 

for any 4> £ W£(tt). 

In this paper we study the global regularity of weak solutions to ([T]) under the 
controlled growth conditions on ai and b. First of all, the nonlinear terms Aij(x, u), 
a,i(x,u), b(x,u,£) in ([T]) arc of Carathcodory type, i.e., they are measurable in 
x G R d for all (u, £) € R d , and continuous in (u, £) € K x R d for almost all x £ R d . 
The leading coefficients Aij arc bounded and uniformly elliptic, that is, for some 
constant /i £ (0, 1], 

\A t3 \<fi~\ A tJ U 3 >m 2 VeeM d . (2) 

We also assume that Aij(x,u) are uniformly continuous in u and have small mean 
oscillations with respect to x. It is well-known that functions in this class are not 
necessarily continuous. Throughout the paper, we set 

2d 

> d-2' d> - (3) 
any number bigger than 2, d = 2. 
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By the controlled growth conditions, we mean 

\oi(x,u)\ < MM Al +/), \b(x,u, V«)| < M2(|Vu| A2 + M Aa + .g) 
for some constants ^i,ji2 > 0, where Ai = 7/2, A2 = 2(1 — 1/7), A3 = 7 — 1, and 

/Gi 2 (0), sei^(fl). 

Since it £ W^l^) implies u € L 7 (f2), the controlled growth conditions guarantee 
the convergence of the integrals in the definition of weak solutions above. If 1 < 
Ai < 7/2, 1 < A 2 < 2(1 — 1/7), 1 < A3 < 7— 1, we say that the equation ([1]) satisfies 
the strictly controlled growth conditions. As mentioned in j6] , the controlled growth 
conditions are optimal (see, for instance, a counterexample in [13]) unless some 
additional boundedness conditions on weak solutions are imposed. 

Under the above assumptions, we prove that weak solutions to (JlJ arc globally 
Holder continuous with Holder exponents depending only on the dimension and 
the integrability of / and g. Indeed, as noted in |13| and [BJ, we have an explicit 
description of the Holder exponent in terms of a and r if / € L (T (f2) and g € L T (Q), 
a > d, t > d/2, whereas such an explicit Holder exponent is not shown in the 
De Giorgi-Moser-Nash theory. To obtain the desired regularity, we prove higher 
integrability of solutions. Precisely, we show that a weak solution to ([1} is a member 
of Wp(Cl), where p > d is determined only by a and r above. Then the globally 
Holder continuity of the weak solution follows easily from the Sobolev embedding 
theorem. In addition to the fact that the low order terms satisfy the controlled 
growth conditions, note that in this paper the leading coefficients satisfy only a 
small BMO condition as functions of x £ R. Thus they are not necessarily uniformly 
continuous functions in x. We remark that in general global regularity cannot 
be expected for systems (see [Hill]), and even for partial regularities usually one 
requires the leading coefficients to possess certain regularity in all involved variables 
(usually uniform continuity). 

With the controlled growth conditions, conormal derivative boundary value prob- 
lems (in other words, Neumann boundary value problems) for quasilinear equa- 
tions/systems in divergence form have been studied in Arkhipova's papers [H[2j|3] 
(also see the references therein) where she proved reverse Holder inequalities and 
partial regularities of weak solutions up to the boundary. In this paper, using a re- 
verse Holder inequality as well as L p -theory for linear equations, we show that weak 
solutions are indeed Holder continuous up to the boundary if the given quasilin- 
ear equation has appropriate regularity (not necessarily continuous) on the leading 
coefficients and the domain is Lipschitz. 

When the Dirichlct boundary condition is imposed, Dong and the author estab- 
lished in [SJ the global Holder continuity of weak solutions to equations as in ([lj) 
with the same controlled growth conditions when the boundary condition is zero. 
This paper continues to investigate the same type of quasilinear equations, but the 
boundary condition is of the Neumann type. That is, we deal with quasilinear 
divergence type equations with zero conormal derivative boundary value. 

In [BJ we first proved reverse Holder inequalities for weak solutions to elliptic 
and parabolic quasilinear equations, which give slightly better integrability of weak 
solutions. Specifically, for example, a weak solution u £ W^ify to the elliptic 
quasilinear equation turns out to be in Wp(Q) for p > 2. The exponent p may not 
be sufficiently large to give a Holder continuity of weak solutions via the Sobolev 
embedding theorem. However, the fact that p > 2 is enough to give the boundedness 
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and Holder continuity of weak solutions by making use of relatively well-known 
results on divergence type quasilinear equations with zero boundary condition (see 
[101 lllj ). Here the Holder continuity is for a uniform continuity of weak solutions, 
but is not necessarily strong enough to give the desired optimal Holder regularity 
of solutions. Then using i p -estimates for linear equations, we derive an iteration of 
Lp-estimates, which increases the exponent p until we have sufficient intcgrability 
of solutions guaranteeing the global optimal Holder regularity of solutions. As 
noted in [5] , since the reverse Holder inequalities are not available for the Dirichlct 
boundary value problems, in [B] we first had to prove reverse Holder inequalities for 
quasilinear elliptic and parabolic equations under the controlled growth conditions. 

As to the conormal derivative boundary value problems for quasilinear equations 
under the controlled growth conditions, as noted above, reverse Holder inequalities 
have already been investigated in p] [2j [3] for elliptic and parabolic systems with 
non-zero conormal derivative boundary values. Thus, in this paper we concentrate 
more on the necessary boundedness of solutions as well as a Holder continuity for a 
uniform continuity of solutions. In fact, similar boundedness and Holder continuity 
results can be found in [10] and [12] with possibly different growth conditions. In 
particular, [101 Chapter 10] shows a Holder continuity using a boundary flattening 
argument when the domain is C 1 ' 1 . Recently, Winkert studied in [T7] the bound- 
edness of weak solutions to quasilinear elliptic equations satisfying natural growth 
conditions with a conormal derivative boundary condition. The growth conditions 
correspond to the case with A; = 1 above if weak solutions are in W^fi). Winkert 
and Zacher treated in [18] the global boundedness of weak solutions to the conormal 
derivative problem for nonlinear elliptic equations where their nonstandard growth 
conditions cover the strictly controlled growth conditions. 

We prove the boundedness of weak solutions by making use of the reverse Holder 
inequality (Theorem 12. 2j) . It is essential to have u G Wp(Cl), p > 2, for a weak so- 
lution u G W 2 1 (^) m order to prove the boundedness when the quasilinear equation 
satisfies the controlled growth conditions. The lines of the proof for the bounded- 
ness are based on De Giorgi's iteration technique and similar to those in [TUI [T2l [T5] . 
Then we prove a Holder continuity of weak solutions by following the argument in 
[10] . Finally, we apply L p -theory, developed in [4] [5] , for linear elliptic equations 
with conormal derivative boundary conditions when the leading coefficients have 
small mean oscillations. 

We remark that the iteration argument for the repeated use of L p -estimates 
was previously used by Palagachev in [J3], where he derived the global Holder 
regularity of solutions, as in this paper, by proving higher intcgrability of solutions. 
The equations considered in [13] are quasilinear elliptic equations with the Dirichlct 
boundary condition under the strictly controlled growth conditions, and the leading 
coefficients are in the class of vanishing mean oscillations (VMO). Also see [14] 
and [T5], where the global Holder regularity of solutions to Dirichlct problems on 
Reifenberg flat domains is discussed when the leading coefficients have small mean 
oscillations. In [14] the strictly controlled growth conditions are imposed and the 
existence of solutions is also discussed. In [15] the controlled growth conditions are 
imposed on quasilinear elliptic and parabolic equations. 

As a final remark, we refer the reader to the paper and references therein for 
more information about various growth conditions and the (partial) regularity of 
weak solutions to divergence type elliptic and parabolic equations/systems. 
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This paper is organized as follows. In Section[2]we introduce our assumptions and 
main results of this paper. Then we obtain the boundedness and Holder continuity 
of solutions in Scctions[3]and|31 respectively. In Scction[5]we present some L p -thcory 
for linear equations which is necessary in the proof of Theorem 12.51 in Section [6] 
Section [7] is an independent section describing a function class, functions in which 
satisfy Holder continuity. Section [8] is devoted to the reverse Holder inequality. 

2. Main results 

For a given function u = u(x) defined on C R d , we use DiU for du/dx l . For 
q G (0, 1], we define 

\u\ at n = \u\o.q. + [u] Q ,n := sup \u(x)\ + sup : r- — . 

xen x, v eQ F - V\ 

x^y 

By C Q (fi) we denote the set of all bounded measurable functions u on fl for which 
M a , si is finite. We write N(d,p, ■ ■ ■) if N is a constant depending only on the 
prescribed quantities d,p, - ■ ■ . Throughout the paper, the domain Q satisfies the 
following Lipschitz condition, where the constant (3 will be specified later. Unless 
specified otherwise, f2 is always bounded. 

Assumption 2.1 (f3). There is a constant Rq G (0, 1] such that, for any xq G dCl 
and r G (0, Rq], there exists a Lipschitz function (p: — > M such that 

O n B r (xo) = {i£ B r (xo) : x\ > <p(x')} 

sup w)-y)i < p 

x',y'eB' r (x' ),x'jiy' III x I 
in an appropriate coordinate system. 

Let us recall the controlled growth conditions on the lower order terms: 

\di(x,u)\ < Mi(M 7/3 + /), \b(x,u,Wu)\ < MadVul^ 1 " 1 ^ + Wr 1 +g), (4) 

where fj.\, /i2, (13 > are some constants, 7 is defined as in ©, and 

f€L 2 (n), g£L_L_{n). 

Theorem 2.2 (Reverse Holder inequality). Let u G W / 2 1 (^) be a weak solution to 
((T|). Suppose in addition that f G L rT (Q) and g G L T (Q) for some a G (2, 00) and 
t G (7/(7 — l),oo). XTien there exists p > 2 depending only on d, \i, fj,i, [ii, 7, u, 
anrf (3, such that 

||w|U W3 (o) + \\Du\\ Ld n) <N, 
where N = N(d, n, m, n 2 , a, t,j,u, \\f\\ L „(n), hh^O), Z 3 , Ro, diamfi). 

This is proved in [T] for d > 2. Also see [3] for a linear case with d > 2. For 
reader's convenience, we give the key proposition (Proposition 18. 2[) in Section [5] 
which readily implies the theorem including the case d = 2. As in [T], Theorem l2.2l 
is true for elliptic systems under the same conditions. 

To get the optimal global regularity for the equation ([1]), we need a few more 
assumptions. Let 

x eR d J B r {x ) J B r (x ) 
z £R,r<R 
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The following assumption indicates that Aij(x, •) have small mean oscillations as 
functions of x G R d . 

Assumption 2.3 (p). There is a constant i?i G (0, 1] such that < p. 

We also need a continuity assumption on Aij{-, z) as functions of z G R. 

Assumption 2.4. There exists a continuous nonncgativc function uj(r) defined on 
[0, oo) such that ui(0) = and 

\Aij(x ,Zi) - A ij (xQ 1 z 2 )\ < uj (\zi - z 2 \) 

for all xq G R d and Z\,z% G R. 

Set 

1 d -f ^ A 

it q < a, 



q* = { d-q 

arbitrary large number > 1 if q > d. 

Note that if q < d, then 1/q* = 1/q — 1/d. We now state the main result of this 
paper. 

Theorem 2.5 (Optimal global regularity). Let u G W 2 (il) be a weak solution to 
(UJ. Suppose in addition that f G L a (Jl) and g G L T (VL) for some a G (d, oo) and 
t G (d/2,oo). Then there exist positive j3 = /3(d, /i,cr,r) and p = p(d, /j,,a,T) such 
that, under Assumvtion \2. lY B ) and Assumvtion \2.3]( p) . we /lave 

||tt||v^i(f2) < iV, where p = min{cr, r*} > d (5) 

andiV = N(d,p,p 1 ,p 2 ,a,T,j,u, ||/|| Lct (0) , ||5lU T (f2) , Rq, diamO). Consequently, 

we have u G C Q (r2) /or a = 1 — d/p. 

3. BOUNDEDNESS OF SOLUTIONS UNDER CONTROLLED GROWTH CONDITIONS 



In the proof of Theorem 12.51 it is essential to have a Holder continuity of weak 
solutions to ([T]). To achieve this, in this section we prove that the weak solutions 
are globally bounded. 

Lemma 3.1. Under the conditions ([2]) and Q with f G and g G L T (Q) for 

some a G (d, oo) and t G (d/2, oo), we have 

(A^ + at) & > ||£| 2 - N\uP - N\u\ 2 rP(x), (6) 

\b{x,u,£)u\ < + N\u\-y + N\u\ 2 i>(x) (7) 

for £ G R d and |u| > 1, w/iere ip G L q (Q), q := min{cr/2,r} > |, and iV = 
N(p,p 1 ,p 2 )- 

Proof. To prove ([6|), we first see 

Mz, U )fc| < pi|CI(|«r /2 + /) < EMilCl 2 + JV(e)Ati|«r + ^(e)Mi|/| 2 

< e Ml |C| 2 + iV(e)/ii|wr + iV(e)Mi|M| 2 |/| 2 , 
provided that |u| > 1. By taking e = p/(2pi), we have 

(Aijix, u)& + a,(x, u)) 6 > ||£| 2 - AT(/z, Mi)!"! 7 - W(/*> Mi)M 2 |/| 2 - 

Now we take ip = \ f\ 2 + g. Then the inequality © follows. 
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For the inequality ([7]l. we have 

\b(x,u,0\\u\ < m (\u\\e {1 - lh) + M 7 + \u\g) 

< M2 {e\e + N(e)\uP + \u\ 2 g) = ^\ 2 + N(fx, m )\u[< + NQi, ^)\u\ 2 g 
for |w| > 1. Upon recalling the definition of tjj we obtain the desired inequality. □ 

Let o~, r be numbers satisfying a £ (d, oo) and r £ (d/2,oo), respectively. Find 
qi £ (l,oo) satisfying 

\ < L < l( l 2(7- 2) \ 1 1 1 \ 

2 gi " 4 V 7P / ' 2 gi " 4 V min{a/2,r}y ' 1 ' 



where p > 2 is the exponent from Theorem l2.2[ Indeed, this is possible since p > 2 
and 

l = lfl-J^<lfl- . * ) if d> 2. 



2 4 V 4 V min{cr/2, t} 

When d = 2, we take 7 > 2 so that 

2mm{o72,T} 

7 ^ — '• • 

min{er/2, r} — 1 

Note 1 < gi < 2 and 751 > 4. 

Lemma 3.2. Lei u £ W^fi) oe a solution to (Q} and / £ L CT (fi), g £ L T (f2) /or 
some tr € (d, 00) and r £ (d/2, 00) . Then 

791(7-2) \ 791 

\Vu\ 2 dx<N\ I \up qi / 2 dx) { I \u\ ™- 4 dx 

791 



A k \J A k J \J A 



where qi is from ©, N = N([i, fix, /x 2 ), and 

A k = {xen:u(x)>k}, k>l, V-|/| 2 +5- 

Proof. First note that by Theorem 1 2. 2 [ the definition of ijj, and ([5]), i.e. 

7gi(7 - 2) Tgi . 

— < 7P/2, < mm{cr/2,r}, 

7gi - 4 7gi - 4 

we have 

f 791 (7-2) /* 791 

/ |u| ™i- 4 dx < 00, / -0791-4 rfa; < 00. 
By taking <\> = (it — fc) + £ W2 (fi) as a test function, we obtain 



/ (AijDjuDiU + aiDiu) dx = / b(u~k)dx. 
JA k JA k 

] it follows that 
LHS>^/ \Vu\ 2 dx-N [ \u\"<dx-N I \u\ 2 ipdx, 

2 ^A fc -M* -M fc 



RHS< f \b\\u\dx < j f \Vu\ 2 dx + N f \u[<dx+f \u\ 2 i>dx, 

J At. ^ J Ai, J A k J A k 



From Lemma 13.11 it follows that 



and 
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where N = N(p, fj,x, ^2)- Combining the above two inequalities gives 
/ \Vu\ 2 dx<N [ \updx + Nj \u\ 2 il)dx. 

JA k JA k JA k 

Then we use Holder's inequality to obtain the desired inequality (recall that 7(71 /4 > 
1). That is, 




A similar estimate as in the above lemma is needed on the set Bu = {x £ : 
u(x) < k}. 

Lemma 3.3. Let u £ W^i^l) be a solution to (JTJ) and f £ L a (VL), g £ L T (Vl) for 
some a £ (d, 00) and r £ {d/2, 00). Then 




where q\ is from ([8|), N = N(pi, n\, ^2), and 

B k = {x£tt: u(x) < k}, k < -1, ip = |/| 2 + g. 

Proof. The proof follows from the lines of the proof for Lemma 13.21 with <f> = 
(k-u) + . □ 

In the proof of boundedness of weak solutions, we need the following well-known 
result. It can also be found, for example, in jTUJ [Tl] if Si = 62- 

Lemma 3.4. Let {^ n }, n = 0, 1, 2, ■ ■ • , be a sequence of positive numbers satisfying 

^n+i < Kb n + , n = 0, 1, 2, • • • , 

for some b > 1, K > 0, and 62 > Si- If 

*o < {2K)-^b~*?, 

then 

^ n <(2Ky^b'^^ f{ 1 n£N. 
Thus, in particular, ty n — > as n — > 00. 

In the following theorem we prove the boundedness of weak solutions to |T]) using 
an iteration argument of De Giorgi type. 

Theorem 3.5. Let u £ W 2 1 (^) be a solution to (JTJ) and f £ L a (il), g £ L T (fl) for 
some a £ (d, 00) and t £ (d/2, 00). Then for some number M, depending only on 
d, n, m, fi2, 1, p, o-, t, u, \\f\\ La (Q.), HsIImo), P, Ro, and diamrj, we have 

Here p is from Theorem \2. e A 
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Proof. We take an increasing sequence 

*n = *( 2 -^r)> « = 0,1,2,-.., 
where k > 1 will be specified later. Fix gi so that it satisfies (|5J|. Then set 

7* = ^ > 2, *„ := / (« - fc„) 7 * dx, 

where A kn = {x E : u(x) > k n }. Note that -3- = ^- > 1 since S (1, 2). 
Using the fact that ^4fc„ +1 C Ak n , we have 

= / [u — kn) 1 * dx > / (u — fc n ) 7 * efa; 

•^k„ , ' A *>n+l 

>/ u 7 * (l — t— — ^ 7 * c?x > - — r— / 

~ J Ak ,. V fcrH-1/ " 27 * ( ™ +2) 



A fc _ 



That is, 

u^dx < 2 7 *(" +1 )* n . (9) 



We also have 



"-n+l K n / 



[—J (u-k n y*dx = ^—v n . (to) 



We now observe that by Holder's inequality 

*n+i=/ (u~k n+1 y* dx<\ ( ( u -k n+1 ydx) \A kn+1 \-^r. (ft) 



Note that by the Sobolev embedding theorem, 

\ 1/7 

(u - fc„+i) 7 dx J 

i+i / 

<N(JjV(u-k n+1 )+\ 2 dx^ ' + N ^Jj(u-k n+1 ) + \ 2 dx^j ' 

|Vu| 2 efeJ + N (^J \u~k n+1 \ 2 dx^j :=Ii+h, (12) 

where N — N(d, 7, (3, Ro, diamfi). To estimate I\ in (JT2J) , we use Lemma [3.21 and 
© (recall that 7, = jqi/2) to get 

/ \ 2/7» 

/ \Vu\ 2 dx<N\[ u>-dx) <N2 2{n+1 ^f, (13) 



where 



N = N (^m, n 2ll ,p,a,T, [ \u\^ 2 dx, [ V minW2 ' r} ^V 
V Jq J si / 
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Using the facts that 7* > 2 and "J/n+i < the term I2 in ([12]) is estimate as 

(j A \u - k n+1 \ 2 dx^j < |^ fe „ +1 | 1/2 - 1/7 * (j A (u-k n+1 y*dx^J 

= \A kn+1 \V*-V^i < \A kn+1 \^h»^h». (14 ) 
Combining (JTIJ, ([12]). (fi3|) . dHJ), and (HO]), we obtain 

*„+i < N\A kn+ A^ [2^ n+1 ^ n + \A kn+1 \^V n 

-7* , , 7* (7-2) 

/ 2 7*(«+l) \ t , /07-(™+l) \ ^ 

<iV( - — ttj 2^" +1 ^» + AM — ttj *„=:J 1 + J 2 , 

where 

Ji = A//fc- 2±i2 ^ 1 2^(^ +1 )2>(^ +1 )"vl,i + ^, 
J 2 = Nk —2 ^ 2 ^ ^ . 

Set 

r 7-7* r 7*(7~2) , f -j Th-'l I il ^(7-2) 

5i = — , <5 2 = - L - ^ -, 6 = max<^2 7 *v 2 7 + > ,2 2 7 

7 2 7 [ 

7* (7-T* ) 

K = Nk b. 

Then S 2 > tfi > 0, 6 > 1, and 

Ji < AT 1 *^ 1 , J 2 < ir6 n ^ +l52 . 

Hence 

*n+l < {K +Sl + K +S2 ) ■ 

Observe that 



* = / (u- fc) 7 * dx < m+ dec 
(2K)^b^ [ ul'dx) (2K)~^b~<^ < (2K)~^b~"? 



provided that 



{2K)^bk I ul' dx<l, 
Jq 



that is, if we take k > 1 so that 



1+1S1 / r \ !/7» 



k = max < 1, 2^'N 1 ^b"" 6 i ( / dx 

n 



Then by Lemma 13741 it follows that u < 2k on ft. To prove that u is bounded below, 
we repeat the above argument using Lemma 13.31 The theorem is proved. □ 
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4. Holder continuity 

The inequality ((6]) holds true for \u\ > 1. However, from the proof of Lcmma l3.ll 
it is possible to have 

(AijDjU + a^DiU^ ^\Vu\ 2 - N\up - N\f\ 2 (15) 

for all values of u, where N = N(fj,, fix). Observe that from the condition Q on b, 
we obtain 

|6(x,u,Vu)(u-*)+| < fx 2 (u- k)+ (iVu^ 1 - 1 ^ + {up- 1 + 5 ) 

< J| Vw | 2 + N(ft, fi 2 )(u - k)l + M2 ( U - k)+ ({up- 1 + g) 

< ^| Vu | 2 + iV(l + | M r 1 +.g) 
for k > u — 1, where N = N(fi, [iq). By the same reasoning 

\b(x,u,Vu)(k-u)+\ < ^|Vw| 2 + iV(l + M^ 1 
for k < u+ 1. Set 

w = m 7 + i/i a , ^-| U r /2 + /, v >2 = M 7 - 1 +fl+i. (i6) 

Then by (|15p and the condition on we have 

(AijDjU + a l )D l u > ||Vw| 2 - N<po, |a»| < A^i (17) 
for all values of u, where N = N(n, pL\). We also have 

\b(x,u,Vu)(u- k)+\ < ^|Vit| 2 + Nip 2 for k>u-l, (18) 

[6(ac, u,Vu)(fc-u)+| < ^|Vu| 2 + iV^ for k<u + l, 

where N = N(fj,,fi2)- As shown in Theorem 13.51 |u| < M on f2 for some constant 
M. Thus, if / £ -L CT (fi) and 3 € L T {£1) for some cr £ (d, 00) and r £ (d/2,oo) as in 
Theorem 12.51 we have 

i^Oj^SigP) <Pi S £ 2g (fi), g = min{cr/2, r} > d/2. 

Lemma 4.1. Let £ € W^Qf^) have a compact support, and k be a real number 
such that k > u — 1 on the support of £. Let u £ W<j ] (f2) be a solution to (fTJ) and 
f £ Lo-(O), 3 £ L T (Q) for some a £ (d, 00) and t £ (d/2,oo). TTiert we Ziawe 



/ |CVu| 2 da; < iV / 

^{«>fe}nn 



|Cx| 2 (w-fc) 2 ^ 

i>fc}nf! 

+ Jv(7 C 2g ~d*) (7 (^o + ^ + ^ 2 ) 9 ^ , (19) 

W{«>fe}nn / yj{«>fe}nfi / 

where (pi, i = 0,1,2, are those in (|16j) . g = min{er/2,T}, 1/q + 1/q = 1, and 
N = N(n,nx,n 2 ). 
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Now if k < u + 1 on the support of (, then 



f \QVu\ 2 dx<N f |Ca 

J {u<k}nn J {u<k}nn 



\ 2 {k- u ydx 



( 2q dx\ (f (tpo + tfl + ^Y dx) . (20) 



'{u<fc}nfi ) \ J {u<k} nn 

Proof. Using <fi — ( 2 (u — k)+ e W 2 1 (^) as a test function, we obtain 



(Aij(x, u)Djii + cii(x, u)) <p Xj dx = / b(x,u,Vu)(f) dx, (21) 

which is equal to 

/ (A^DjU + Cbi) ( 2 DjU dx = b( 2 (u - k) dx 

J{u>k}nn J{u>k}nn 

- I (AijDjU + en) 2(( X] (u — k) dx. 

J {u>k)r\Vt 

Note that by (17]) 

/ C 2 (AijDjU + a^Djudx > - / \C,Vu\ 2 dx-NI 

J{u>k}nn 2 J{ u >fe}nO J{u 



C fodx 
>fe}nn 



and 



2 dx 



- / (AijDju + aA 2(( Xj (u-k)dx<^ / |CVu 

J{u>k}nn ° J{u>k}na 

+N [ (\C x \ 2 (u-k) 2 +C 2 ^ 2 ) dx. 

Since k > u — 1 on the support of (, by (fT5)) 

b( 2 (u-k)dx<^ [ \(\7u\ 2 dx + N I ( 2 ip 2 dx. 

{«>fe}nn 4 J{ u >fe}nn J{u>k}nn 

Hence (f2~Tj) is written as 

/ |CVu| 2 d.T 
J {ti>fe}nO 

<N [ \C x \ 2 (u-k) 2 dx + N [ ( 2 + ip 2 + ip 2 ) dx, 

J {u>k} nn J{u>k}nn 

where N = N(/j,, fj,i, fj,2)- Finally, by applying Holder's inequality we obtain the 
desired inequality in the lemma. The second assertion follows by the same reasoning 
as above with <f> = £ 2 (fc — u)+. □ 

Proposition 4.2. Let u 6 W^fi) be a solution to (TJ) and f e L CT (Q), g g L T (f2) 
/or some <r € (d, oo) and t G (d/2,oo). T/ien it G C Q °(r2) and 

where ao € (0, 1) and iV depend only on the parameters for the bound of u in 
TheoremUTR 
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Proof. Let ro > and B r<) C fi. For r < ro and 8 <G (0, 1), let B r and B r ( 1 _s) 
be balls concentric with i? ro . Let £ be an infinitely diffcrentiable function such 
that < ( < 1, ( = 1 on B r n_$-\ and £ = outside £? r . We may assume that 
I-DCI < l/{*5r). Then from ([!!]) we obtain 



|Vu| 2 da; < C 



max («-fc) 2 + l)|{M>fc}nB r | 1 " 1/9 

i>fc}nB r y 



{„>*}nB r(1 _ s) " V^ 2 " d/9 {«>* 

(22) 

for B r C O and fc > maxs r it — 1, where 8 <G (0, 1), q = min{er/2,T} > d/2, and 
the constant C depends only on the parameters for the bound of u in Theorem l3.5l 
Using dU|) we also obtain ^ for u. Hence u G H(fl, M, C, 1, q) in Definition O 
when fi = i? ro . Therefore, we have the oscillation estimate in Theorem 1 7. 5 1 which 
indeed implies 

osc Br u < N f^j osc Bro u + Nr^r a (23) 

for all r < rg, where a > 0, u\ > 0, and N > depend only on d, C, and q. 

Let xo S 9f£ and ro < Rq, where Ro is from Assumption 12.11 Without loss of 
generality we assume that xo = and </?(0) = 0, where tp is a Lipschitz function 
such that f2ij = fi H Bjig = {x <S -Br : xi > </j(a;')}. Under this assumption, since 
|v?(a;')| < (3\x'\, we observe that 

$(B r ) C Cl r for r < 



^-\n r ) C B r<1 for r < 



Ro 

" 2(TT 



v^OTM' (24) 



where <&(y) = (j/i + tp(y'),y') and r^g = r v /2(l + /3 2 ). Set := u($(?/)) and 

n := , r ° . From ([24]) we have v € WHbI). For r e (0,7*il, let ib be an 

v / 2(l+/32) ' — ' z\ n/ v ) j-j) 

infinitely differentiable function such that < ip < 1, ip = on i?r.(i— a) , and ?/> = 

outside B r . We may assume that \Dtp\ < l/(Sr). By using 

we obtain from (|T9|) 

/ \C,Vu\ 2 dx<N ( \( x \ 2 (u-k) 2 dx + C ( [ ( 2q dx) 

J{u>k}nn J{u>k}nn \J {u>fc}no I 



for fc > u — 1 on the support of where C is a constant as in (|22j) . By the change 
of variables, this turns into 

/ \Vv\ 2 dx<C ( I max (v - k) 2 + l) \{v > k] n n^ 1 " 1 ^, 

7{ w >fe}nn r(1 _ s) d /« {v>k}na r J 

where Q r = £?+ = {y : \y\ < r,yi > 0}. Similarly, the inequality ([39| is proved 
for v. Hence v € (f2, M, C, 1, q) in Definition 17.11 when f2 = B+. Therefore, by 
Theorem 17.51 we have 



OSCg+V < N 
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for all r < ri, where a = a(d, C, q) and N = N(d, C, q, n, M). This together with 
the definition of v and (f24]l shows that, for any r < 2 (i+(3'z) =: r 2; 

/ r 

OSCfj M < OSC R + V < N \ — 

Finally, we use this inequality and ([25)1 to finish the proof (for details, see Theorem 
8.29 in [9]). □ 

5. ip-ESTIMATES FOR LINEAR EQUATIONS 

In the proof of Theorem 12.51 where we prove the global Holder regularity result, 
it is essential to use some results from L p -theory for linear elliptic equations. In 
this section, we consider the linear equation 

{—Di(aijDjv) + Xv = Djhi + h in 17, 
(ciijDjV + hi) v\ =0 on dil, ^ ^ 

where v is the outward normal vector to the surface dft and A > 0, and present 
some L p -solvability as well as L p -estimates necessary to the proof of Theorem [53] 
We assume that the leading coefficients <Xy have small mean oscillations with 
respect to x £ M. d . To describe this assumption, we set 

tt* = sup sup + + \a tj (x) - a tj (y)\ dxdy. 

T-<i,3<d x £M d J B r (x ) J B r (x„) 
r<R 

Assume that |ajj(x)| < /i -1 and a>ij(x)£i£j > p\£\ 2 f° r all £ £ R d and x £ R d . Also 
we assume 

Assumption 5.1 (pi). There is a constant Ri £ (0, 1] such that < pi. 

We use the following result from [4]. By a half space, we mean, for example, 
= {x £ M. d : x x > 0}. 

Proposition 5.2. Let ft be the whole space WL d , a half space, or a bounded Lipschitz 
domain. Let p £ (2, oo), p £ [p/(p — l),p], hi £ L P (Q), and h £ L P (Q). 

(1) If ft is the whole space M. d or a half space K^, there exists a positive pi — 
Pi(d,p,p) such that, under Assumption \5.1\ (pi), there is a unique v £ 
Wp(Q) satisfying (|2"5j) and 

>/A|MU,(n) + A||i;|| £ , ( n) < WA|MU P (n) + N\\h\\ Lr(P ) (26) 

provided that A > Ao, where N > and Ao > are constants depending 
only on d, p, p, and R\ . 

(2) If O is a bounded Lipschitz domain, there exist positive f3 = (3{d,p,p) and 
pi = pi(d,p,p) such that, under Assumvtion \2. 1\ (j3) and A s sumption ] 5. 1\ 
(pi), there is a unique v £ Wp(Q) satisfying (|25p and (|26|) provided that 
A > Ao, where N > and Ao > are constants depending only on d, p, p, 
Rq, Ri, and diamfi. 

The proposition above was proved in [3] so that the choices of /3 and p\ may 
be different depending on p. Also see [5J. To find uniform p\ and (3 for all p £ 
\P/(p ~ we use the cited result and an interpolation argument as in [fjj. 

Indeed, if we have the Wp solvability of ([25]) for some Qij and 0, by the duality, 
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the solvability follows. Then we apply Marcinkiewicz's theorem to get the 

Wp solvability for any p £ [p/{p — 1 ),£>]• 

By using Proposition 15.21 we derive the following theorem, where h may have 
less integrability than those in Proposition 15.21 Again, the constants /3 and p\ are 
found independent of a and q as long as a and q* are in an a prior fixed interval. 
Recall the definition of q* given above Theorem 12.51 

Theorem 5.3. Let Q be a bounded Lipschitz domain, o~,q £ (l,oo), p £ (2,oo), 
hi £ L a (Q), and h £ L q (£l). Assume that a,q* £ [p/(p— Then there exist 

positive f3 = /3(d,p,p) and p\ = pi(d,p:,p) such that, under Assumption \2.1\ ((3) 
and Assumvtion \5.1\ (p\), there is a unique v £ Wp(Ct) satisfying (|25p and 

\\v\\ w i {n) < N\\h t \\ LAn) + N\\h\\ Lq{n) , 
provided that X > Xq, where p := min{<7, q*} and 

= Xo(d, p,p, Rq, Ri, diamfi) > 0, N = N(d, p,p, a, q, q* ,Rq, Ri, A, diamfi) > 0. 

(27) 

Proof. We split the equation (|25[) into two linear equations with h = and hi = 0, 
i = 1, • ■ • ,d, respectively. Since hi £ L p (il) C L a (fl) and p £ [p/(p — l),p], by 
Proposition 15 .21 we have constants /3 and p\, depending only on d, fj,, and p. such 
that, under Assumption 12. ll (/?) and Assumption 15. ll (pi), there exists a unique 
solution v £ Wp(£l) to the equation (|25|) with h = satisfying 

||w||w p i(n) < N\\hi\\ La(Q ), 

provided that A > Ao, where Ao and N depend only on the parameters in (|27[) . 

Now let hi = 0, i = ,d. Thanks to the localization argument using a 

partition of unity, it is enough to show the uniqueness solvability in W q , (f2) of the 
equation (|25|) along with the following estimate when = M. d and il = : 

\Hw^{U) < N\\h\\ Lq (n)- (28) 

In case f2 = M. d , since h £ L q (Vl), we find a unique solution w £ W q (M. d ) to the 
equation 

—Aw + Xw = h in 

satisfying 

IMIw^(fi) < N\\h\\ Lq(n) , 

where A > and N = N(d,q,X). From the above inequality and the Sobolev 
imbedding theorem, we know that w £ Wh> {Vt) and 

Hlw,Vii) <N\\h\\ Lq( a). (29) 

Since q* £ [p/(p— l),p], by Proposition 15. 21 we have pi = p\{d,p,p) > such that, 
under Assumption 15. II (pi), there is a unique solution w £ W q , (fl) to the equation 

—Di(aijDjw) + Xw = Di((aij — Sij)Djw) in fl 

satisfying 

IHKufi) <N\\Dw\\ Lq . w , (30) 
provided that A > Ao, where A = X (d,fj,,p, Ri) and N = N(d, p,p, A). Clearly 
v := w + w £ W q * (fl) is a unique solution to (|2~5"j) when hi = 0, i = 1, • • • , d. By 
AH and fl29|) the solution v satisfies ([28]) . 
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In the case that £1 = let w be the unique W? (M. d ) solution to — Aw + Xw = h 
in M. d , where h is the even extension of h with respect to x\. Clearly w Xl — on 
dM. d , and as before we know that w G Wg, (£1) and satisfies ([29)) . Now we argue 
as in the previous case. In particular, note that v := w + w satisfies the boundary 
condition in (l25l). □ 



Remark 5.4. A Dirichlet problem version of the above theorem is proved in [T5] . 
where an F G L q * (f2) satisfying div F = h is found directly, thanks to the Dirichlet 
boundary condition, by using a Newtonian potential. Here, since we have the 
conormal derivative boundary condition, the argument in [13] is not applicable. 
Instead, we have gone through the interior estimates (when f2 = R d ), the boundary 
estimates (when f2 = Mi_), and the well-known partition of unity argument. In the 
above theorem as well as Proposition 15.21 for a bounded Lipschitz domain fi, the 
Ao can be made equal to zero. (If A = in ([25]) we need J n hdx = 0.) See Section 
7 in 4L However, we do not pursue this direction here. 

6. Proof of Theorem 12.51 



Under the assumptions in Theorem 12. 5[ Proposition 14.21 says that u is globally 
Holder continuous on f2. Then one can have an extension u(x) on R d of u(x) such 
that u(x) is Holder continuous on R d with the same Holder exponent. Now we 
define 

a tj {x) := Aij(x, u(x)). 

Also define 

hi(x) := a,i(x, u(x)), h(x) := b(x, u(x), Vu(x)). 
Then the equation (fTJ) turns into 

!—Di(aijDju) = hi(t,x))+h(t,x) in f2, 
(dijDjV + hi)Ui = on dQ,, ^ 

where v is the outward normal vector to the surface 9f2. Note that 

Mx)\ < MM 7/2 + /) < Mi(M + /) G L a (0), (32) 
where M is from Thcorcm l3.5l and 

\h(x)\ < /xadVul 2 ^- 1 ^) + | u |7-i + g ). (33) 
The coefficients ay in pip satisfy, for any x$ G R d , 

(x) - a i:j (y)\dxdy 

i,y£B r (io) 

|^j(a;,?2(x)) - Aij(y,u(y))\dxdy 

x,yeB T (x a ) 

< f \Aij(x,u(x)) — Aij(x,u(xo))\dx 

\A l] (x 1 u{x )) - Aij(y,u(x ))\dxdy 

x,y£B r (x ) 

\Aij(y,u(x )) - Aij(yMv))\ d V < MNr a °) + A*, 

y£B T (x ) 
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where the last inequality is due to Assumption 12.31 and Proposition 14.21 That is, 
by using the notation in Section we have 

a% < 2uj{NR a ") + A*. 

Then by Assumptions 12.31 and 12.41 there exists i?2 £ (0,-Ri] such that 

4 2 < 2 P, (34) 
where i?2 depends on the function to. 

Proof of Theorem \2.5\ We set p to be max{er, t*}, and fix 

/3 = f3(d i p,fj,), p = -pi(d,p,n), (35) 

where f3{d,p,p) and pi(d,p,p) are those in Theorem 15.31 Also fix A > Ao, where 
Ao = Ao(d, p,p, Rq, diamfi) is taken from Theorem 15.31 

By Theorem 12.21 there exists p > 2 such that u e W^ {Q). If p > mm{a,r*}, 
we immediately obtain (0. Otherwise, we see that u satisfies (|3"Tj) . By (l32j) and 
([55]) , hi € Lcr(f2) and /i € where 



i 2 ( 7 _1) P0' T 



By taking ^ 2 (t^-i) Po) to ^ e r m ^ ne case that 



7 



2(7-1)' 
we see that 

2<p a <ql< t*. 
Indeed, it is easily verified because 

ql= {w^l) Pa ) = 2 1 d-fd- 1 p >P0 WhCn W^) P ° <d - (36) 
Moreover, 2 < a < p. Hence we have 

cJ,qle\p/(p-l),p]. (37) 

Set pi = min{cr, ql}. Then 



Pi 



7 

min{cr, r*} if — —p > d, 

2(7 - 1) 

min{ "' (^T) P0 ) ' T * } if W^) P0<d ' 



Observe that u satisfies 

{—Di(a,ijDju) + Ait = Dihi + h + Xu in fi, 
(ciijDjV + /ii) Vi = on <9f2, 

where a^, fti, and ft. are those in (|3"Tj) . Also observe that u G L qi (£l) because 
2( 7 T-i) < 1- Thus by Theorem 15 . 31 along with (|3~4"]l and (f3"5"j) applied to (|3"Tj) we have 
u G Wp\ (fi) and 

IMk p yn) < (||/H|U„(n) + ||/»|U ai( n) + IMU^fi) 
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where N = N(d, f^,p, cr, gi, g 1; -Ro, i?2, A, diamfi). Bearing in mind the definitions of 
hi and h as well as using Theorem \2.2\ we obtain ([5]) unless 

-po < d and ( - po ] < min{<7, r*}. (38) 



2(7 -I)"" V2(7-l) 
In this case, Pi = q* = ( 2( ^-u Po ) and, as seen in (|36j) , p\ > pq. Now, since 



2( 7 -l)i 

€ (fi), by it follows that 



heL q2 (Q), q 2 — min <{ — — — Pi: T 



2( 7 -1) J 

Note that g 2 > 91 ■ We define p 2 = min{er, q 2 } > p\- Then we see that (|37l) is 
satisfied with q 2 in place of q\ and u € L q2 (£l). By repeating the above argument, 
we obtain unless (|3"5|) holds with pi in place of po- We continue, if necessary, 
repeating the above argument to obtain P3,P4, ■ ■ ■ with the recursion formula 

^U^lfV =27d- 2( i-7P fe ' fc = ' 1 ' 2 '-- 

Since 

Po(~fP<3 + 2d- -id) 
P^-P^ 2~^2d ' 

there has to be an integer ko such that p = pk„ = min{ a, r*}. Note that (|37|) holds 
true with q^ in place of q\ for all k = 1, • • • , ko- This allows us to use Theorem [531 in 
the above iteration process with the same j3 and p in (|35[) for all k = 1, ■ ■ ■ , ko- □ 



7. Functions in the class H 

Throughout the section, the domain f2 is either B ro or = {a; € £? ro , xi > 0}, 
and fl r = Q (~\ B r , where B r is concentric with B ro . The results in this section are 
those in [TOj Chatcr 2, section 6], where the interior Holder regularity is proved. 
We slightly modified the statements in [10J so that they also work for the boundary 
Holder regularity. We also give precise parameters on which the constants in the 
statements depend. We omit here the proofs since they can be done in the same 
way as in [TO] . 

Definition 7.1. Let tq > 0, M > 0, C > 0, K > 0, q > d/2 be real numbers, and 
n = B P0 or fl = B+ . We say v G H(Q, M, C, re, g) if u G H^ 1 (fi) satisfies |i>| < M 
as well as the following two inequalities for any r € (0, ro] and <5 € (0, 1): 

/ |V<f dx < C ( I max (v - kf + l) |{„ > k} n ^ 

for fc > maxfj r v — re, and 

/ |VH 2 cb < C( — j .. max (k - v) 2 + 1 | \{v < k} n fi,-! 1- 1/9 

(39) 

for k < mino r U + n. 

The following lemma is Lemma 2.3.5 in [10] with VI = B r . As noted there, it 
also works for any convex domains. 
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Lemma 7.2. Let fl = B r or fi = B+ . Then for an arbitrary function v in W±(Q.) 
and for arbitrary k and I such that k < I, 

(i - k)\{v >i}n oi 1 - 1 ^ < N J d f \W\ dx, 

\{v <k\nn\ J {k<v <i }nn 

where N = N(d). 

Lemma 7.3. Let v <G H(Q,,M,C,n,q). Then there exists a 9\ = 9i(d,C,q) > 
such that, for any Q r C £1 and for any number k > maxn r u(x) — K, the inequality 

\Q r n {v > k}\ < 6ir d 

implies 

\n r/2 n{v > k + K/2}\ = o, 

provided that 

Li = max u — k > r 2 i . 

n r 

Lemma 7.4. Let v £ H(Cl,M,C,K,q). Then there exists a positive integer s = 
s{d,C,q) such that, for any VL r C C CI, at least one of the following two 

inequalities holds: 

oscn r u < ^1 - ^ttt^ oscn 4r u. 

Theorem 7.5. Let v £ H(tt, M, C, k, q). Then for all r < ro, we have 

( r 

osco v < N { — 
Vjo 

where 

a = min < — log A 1 =- 1,1 

\ 2 s - 1 / ' 2q 

N = 4 Q max josc^u, 2 s r^^ 

and the number s is taken from Lemma \7.4\ 

8. Reverse Holder's inequality 

Recall the definition of 7 in ([3]). Also recall that, throughout the section, fi is a 
bounded domain satisfying Assumption 12.11 Let 

c = {u) Br (x ) = udx and q = -j^. 
Then by the Poincare inequality, we have 

I \u-c\ 2 dx<N{d)R d+2 - 2d/q (( \Vu\ q dx^ 

J Br \J Br 



\u-c\- 1 dx<N(d,j)R d+ ' 1 -'' d/2 ( f \Wu\ 

r \J Br 



7/2 

2 dx 



These inequalities also hold true if Br is replaced by B^ = {\x\ < R : x\ > 0}. As 
before, we write Q r (x) = f2 n B r (x). 
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Lemma 8.1. Let Q, be a Lipschitz domain satisfying Assumption \2. 11 u € W^i^l), 
and xo G dfl. Then for R < Rq, we have 



f \u-c\ 2 dx<N 1 R d+2 - 2d '"( f 



\ 2/g 

\Vu\ q dx) , (40) 



\ 7/2 

12 dx) 



[ \u - cp dx < N 2 R d+ ''~^ 2 I [ |Vu| 5 
where r = 2{1 +^ } , q = 2d/(d + 2), iVi = N ± (d, (3), N 2 = N 2 (d, 7, 0), and 



c = (u)n r (x ) = f udx. 

Jn r (x ) 

Proof. Without loss of generality we assume that xq = and tp (0) = 0, where ip 
is a Lipschitz function such that Qr = f2 n .Br = {x £ -Br : xi > tp(x')}. Let 
= (2/1 + fiv')^') and $ -1 (a:) = = (xi - ip(a^),x'). Also let = 

Then by (|24[) we can say i> € ^(SflJ, where Ri = , R ■ . From the 

-y'2(l+/3 ) 

Poincare inequality above for a half ball it follows that 

/ |«-(«) B+ | 2 dy<iVi? d+2 - 2d /« f / \Vv\ q dy) . 

Here 

= / v{y)dy. 



From this and the set inclusions in (IM1) we see that 



<S>(B Rl )n{x 1 >i P (x')} 



< NR 



d+2-2d/q 



I \Vv\ q dy) < NR d+2-2d/ q f f | Vu |9 dy 



where N = N(d,j3). Now the inequality (|4T))) follows because 

\u-{u)n r \ 2 dx < I \u-C\ 2 dx 



for any constant C . The other inequality follows similarly. The lemma is proved. 

□ 



Theorem 12.21 is proved by the following proposition combined with Proposition 
V.l.l in [8j. Also see the proof of Theorem 3.6 in [6]. 

Proposition 8.2. Let R < Rq, u £ W 2 (f2) be a weak solution to (p}, / S L 2 {^1), 
and g € L^t_(Q). Then, for any Qr(xo), where either Br(xq) C 51 or xq € dfl, 
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have 



f (\Vuf + \un<N[ f |Vu|« + |ur/ 2 ) +N-f (|/| 2 + |F| 2 ) 



+ NR M$-h)+-y ( f |vu| 2 ) ( / 
\Jn n (x„) / Us 



i 

2 



^r(xo) J yj Q R (x ) J 

where g = 4(1 ^ ) £ (0, 1), q = J^, F = \g\*^ , and N = N(d, fi, fn, fi 2 , 7, P)- 

Note that rM^-^+i = 1 if d > 2 and R^-?)^ = R 2 if d = 2. 

Proof. We only show the case £o G 951. The other case follows the same lines. Let 
?7o £ C{f(M. d ) be a function satisfying < 770 < 1 and 

I 1 tor W^ia 1 

Vo 




2(1 + py 



Set /• 



Ja r (x ) 
we have 

Aij(x,u)Di [{u- c)r] 2 ] D 3 u 



Using a test function (it — c)?7 2 , we have 



+ / ai(x,u)Di [(u - c)r/ 2 ] = / 6(.t,w, V)(u - c)?y 2 . 

That is, 

A ij r)(D i u)r)(D :j u) = - 2A tj (u - c)r?(A??)(^w) 



OiA [(" - c)?7 2 ] + / b(u - c)?7 2 =: Ji + J 2 + J 3 - (41) 

Q R (x ) JQr(x ) 

We estimate Ji, J 2 and J3 by using Young's inequality and the conditions on Aij, 
cii, and b. 

Estimate of J\: 

t /i<2/i" 1 / \Vu\\u-c\r)\Vri\ < j- [ r, 2 \\7u\ 2 +Nj \u~ c\ 2 \\7r,\ 2 . 
Jn R (x ) 16 Ja R (x ) Jn R (x ) 

Estimate of J 2 : 

j 2 </ii/ \ u \^ 2 \wu\r, 2 + ^ [ uhv^ 2 

Jn R (x ) Jit R (x ) 
+ 2 Ml / | l ir/ 2 | u -c||V7 ? | ?/ + 2/i 1 / |/||«-c||V»7|t/ 

JCl R (x ) Jfl R (x ) 



- 16 



\Vu\ 2 ri 2 +N f \uprj 2 +N f |/| V + / |m - c| 2 |V^| : 

O«(io) ^f2ii(a;o) JQ R (xo) JQ R (xo) 
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Estimate of J3: 

J 3 <(i 2 [ \Vu\^ 1 - 1 ^\u-c\ V 2 + f , 2 f \u\i- 1 \u-c\r, 2 + n 2 f \g\\u- 

-T^f |Vu|V+W \u- c|V + N [ |u|V + N [ \g\T^ 
16 Jn R (x ) Jn R (x a ) Jn R (x ) Jn R (x ) 

From these estimates of J;, i = 1,2,3, and the inequality (j4Tj) along with the 
cllipticity condition in ([2]) we have 

/ \\7u\ 2 r] 2 <Nj \u- c| 2 |V?y| 2 + N j |u - c| V 

+N j |«|V + N f (\f\ 2 + \g\^) if := N(h + 1 2 + J 3 + h), 

JQr(x ) Jn R (x ) K ' 

where A*" = N(fi, (11,(12)- Now we get estimates for I\, I 2 , and I3 as follows. 

Estimate of I\: Recall the definition of 77, r = 2 (i+p*) » anc ^ 1 = Then by 



Lemma 18.11 

h < NR- 2 f \u- c\ 2 < NR d ( I |Vu|«) . 

Jn r (x ) \Jn R (x ) J 

Estimate of I 2 : Again by Lemma 18.11 

I 2 < f \u- c| 7 < NR d+ ^-^ 2 ( f l^uA . 
Ja r (x ) \Jn R (x ) J 

Estimate of ^3 : First note that 

|c| 7 dx < NR d ( I \u\ dx\ < NR d ( / \up q / 2 dx\ , 
n r (x ) \Jn r (x ) J \Jn R (x ) J 

where, in the last inequality, we have used the fact that |f2 r (a;o)| > \B^~ \, r\ 
R(2{l + p 2 )y 3/2 . Hence 



h < N / \u-c\i + N |ef 

< NR d+ 7 - 7 d/2 ( f \Wu\ 2 \ +R d (l \u\ iq/2 dx\ . (42) 
\Jq r (x ) J \Jn R (x ) J 



Therefore, 



f |Vu| V < NR d I / |Vu| 9 



+NR d ( I \u\^' 2 \ +N f {\f\ 2 + \Ff 
\Jq r (x ) I Jn R (x ) 



-1 / N, 

2 



+NR M^)+^ / \\7u\ 2 / |V« 
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where N = N(d, fx, fix, ^2,7, /?) and 

F = \g\i^. 

Finally, we obtain the desired inequality in the proposition by adding the 73 term 
to the above inequality, using (|42|) . and diving all terms by R d . □ 
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